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Abstract—Line graph L(G) of a graph G is acquired by converting the arcs of G into nodes of the 

L(G) and connecting the nodes of L(G) only if the corresponding arcs are incident with the same 

node. The jump graph J(G) is the complement of L(G).  In this article bounds on steiner domination 

numbers of line fuzzy graphs and jump fuzzy graphs are obtained. 
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1. Introduction 

Rosenfeld launched fuzzy graph theory which  has  its applications  in  diverse  fields. In  particular  

fuzzy topologies are used in circuit designing and fuzzy steiner distance and domination have 

applications in routing problems. In engineering field  steiner  trees  have  applications  in  network  

routing, wireless communications and VLSI design. Various fuzzy graph theoretic concepts has 

been studied from [6] and [7]. In [1] and [2] the authors described about domination in fuzzy 

graphs. Steiner domination in crisp graphs was studied from [3], [4] and [5].  A steiner set of a 

fuzzy graph (𝑉, 𝜎, 𝜇) is a set of nodes S such that any node in G lies in some steiner tree of G. A 

steiner dominating set of G is a set of nodes which is both steiner set as well as dominating set. 

The minimum fuzzy cardinality of a minimal fuzzy Steiner dominating set is called fuzzy Steiner 

dominating number denoted by γfs and  the maximum fuzzy  cardinality  of  a  minimal  fuzzy 

Steiner  dominating  set  is  called  upper  fuzzy  Steiner dominating number denoted by Γfs. Here 

we acquire some bounds on steiner domination numbers of line fuzzy graphs and jump fuzzy 

graphs. 

 

2. Steiner Domination in Line fuzzy and Jump fuzzy graphs  
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2.1 Definition 

For any fuzzy graph G(V, σ, µ), the line fuzzy graph G′(V′, σ′, μ′) = L(G) is defined as follows. 

The arcs of G are transformed into the nodes of L(G). The membership values of nodes and arcs 

are given as follows. 

i) σ′(uv) = μ(u, v) where uv is an arc in G. 

ii) μ′(x, y) = μ(u1, v1)⋀μ(u2, v2) where x = u1v1 and y = u2v2 are arcs in G. 

The line fuzzy graph of any fuzzy graph is always an effective strong arc fuzzy graph. 

 

2.2 Definition 

The complement fuzzy graph of line fuzzy graph L(G) is termed as the jump fuzzy graph of G.(i.e) 

L(G)c = J(G) = G′′(V′′, σ′′, μ′′). The membership values of the jump graph are as follows. σ′′ =

σ′ and μ′′(x, y) = σ′(x) ∧ σ′(y) − μ′(x, y). 

 

2.3 Theorem  

The steiner domination number of a wheel fuzzy graph with n nodes denoted by Wn
f  is given by 

γfs(L(Wn
f )) ≤ {

⌊
n

2
⌋ + 1 if n is odd

n

2
           n is even

 

Proof : 

 The line fuzzy graph of Wn
f  is a strong fuzzy graph with 2(n − 1) nodes. Let e1, e2, … , en−1 

be the arcs of Wn
f  connecting the centre node and en, en+1, … , e2(n−1) be the arcs along the apex 

(i.e) along the fuzzy cycle. In the line fuzzy graph of Wn
f , the induced subgraph of the nodes U =

{e1, e2, … , en−1} is a complete fuzzy graph and the induced subgraph of the nodes 

V = {en, en+1, … , e2(n−1)} is a strong fuzzy cycle. Each node from V is adjacent to exactly two 

nodes from U. There is no extreme node. Label the nodes in V such that en is adjacent to e1& e2, 

en+1 is adjacent to e2& e3 and so on as given below in the figure. 
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Fig 1 

For n = 4, the set of any two non-adjacent nodes forms a minimum steiner dominating set. Hence 

γfs(L(W4
f)) ≤ 2. 

For n = 5, the set of nodes {e1, e6, e7} is a minimum steiner dominating set. Therefore 

γfs(L(W5
f)) ≤ 3. 

Now assume that n > 5. Since the induced subgraph of U is a complete fuzzy graph, any subset 

of U cannot be a steiner set. Also any steiner tree of V does not contain any of the node from U. 

Thus any subset of V does not form a steiner set. Now there are two cases here. 

Case (i) n is even 

Consider the set of nodes 𝑆 = {𝑒1, 𝑒𝑛+1, 𝑒𝑛+3, 𝑒𝑛+5, … . 𝑒2𝑛−3}. It can be observed that S is a steiner 

dominating set with 
𝑛

2
 nodes. If 𝑒1 is omitted from S, then the other nodes of 𝑆 − {𝑒1} are along 

the fuzzy cycle and hence any steiner tree of  𝑆 − {𝑒1} contains no node from U. If any other node 

from S, 𝑒𝑛+(2𝑖+1) other than 𝑒1 is removed, then it does not belong to any steiner tree of 𝑆 −

{𝑒𝑛+(2𝑖+1)}. Thus S is a minimal steiner dominating set and it is the minimum.  

Hence 𝛾𝑓𝑠(𝐿(𝑊𝑛
𝑓

)) ≤
𝑛

2
. 

Case (ii) n is odd 

Subcase (i) 𝑛 ≡ 1(𝑚𝑜𝑑 4) 

Let 𝑆′ = {𝑒1, 𝑒𝑛+1, 𝑒𝑛+3 … . . , 𝑒
𝑛+(⌊

𝑛

2
⌋−1)

, 𝑒
𝑛+(⌊

𝑛

2
⌋)

, 𝑒
𝑛+(⌊

𝑛

2
⌋+2)

… … . 𝑒2(𝑛−1)−1}. It can be verified 
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that 𝑆′ is a minimal steiner dominating set with and by similar argument in case (i) it is the 

minimum steiner dominating set with ⌊
𝑛

2
⌋ + 1 nodes. 

Subcase (ii) 𝑛 ≡ 3(𝑚𝑜𝑑 4) 

For this case  

𝑆′′ = {𝑒1, 𝑒𝑛+1

2

, 𝑒𝑛+1, 𝑒𝑛+3, … . . , 𝑒
𝑛+(⌊

𝑛

2
⌋−2)

, 𝑒
𝑛+(⌊

𝑛

2
⌋+1)

, 𝑒
𝑛+(⌊

𝑛

2
⌋+3)

, … . 𝑒2(𝑛−1)−1 is a minimum 

steiner dominating set with ⌊
𝑛

2
⌋ + 1nodes. Thus 𝛾𝑓𝑠(𝐿(𝑊𝑛

𝑓
)) ≤ ⌊

𝑛

2
⌋ + 1. 

2.4 Results and Observations 

i) Line graph of a path fuzzy graph with ‘n’ nodes is a strong path fuzzy graph with ‘n-1’ 

nodes. Hence 𝛾𝑓𝑠(𝐿(𝑃𝑛
𝑓

)) ≤ 𝛾𝑓𝑠(𝐿(𝑃𝑛−1
𝑓

)). 

ii) Line graph of a fuzzy cycle with ‘n’ nodes is a strong fuzzy cycle with ‘’n’ nodes. Jump 

graph of fuzzy cycle is a star fuzzy graph. 

iii) Line graph of a star fuzzy graph 𝐾1,𝑛
𝑓

 is a complete fuzzy graph with ‘n’ nodes. Hence 

𝛾𝑓𝑠(𝐿(𝐾1,𝑛
𝑓

)) ≤ 𝑛. Jump graph of 𝐾1,𝑛
𝑓

 is complement of 𝐿(𝐾1,𝑛
𝑓

) which is the empty 

graph with n nodes.  

Thus 𝛾𝑓𝑠 (𝐽(𝐾1,𝑛
𝑓

)) = 𝛾𝑓𝑠(𝐿(𝐾1,𝑛
𝑓

)) ≤ 𝑛. 

2.5 Theorem 

The steiner domination number of jump graph of a path fuzzy graph with ‘n’ nodes is given by 

𝛾𝑓𝑠 (𝐽(𝑃𝑛
𝑓

)) ≤ 3. 

Proof : 

The jump graph of a path fuzzy graph with ‘n’ nodes is the complement of the strong path 

fuzzy graph with ‘n-1’ nodes. 

For 𝑛 = 2, 𝐽(𝑃2
𝑓

) is nothing but 𝐾1
𝑓
 and so 𝛾𝑓𝑠 (𝐽(𝑃2

𝑓
)) ≤ 1. 

For 𝑛 = 3, 𝐽(𝑃3
𝑓

) is the empty fuzzy graph with two nodes. So 𝛾𝑓𝑠 (𝐽(𝑃3
𝑓

)) ≤ 2. 

For 𝑛 = 4, 𝐽(𝑃4
𝑓

) is a disconnected fuzzy graph with one 𝐾1
f-component and one K2

f - component. 

Thus γfs (J(P4
f)) ≤ 3. 

Now assume that n > 4. Let u1, u2, … . , un be the nodes and e1, e2, … . , en−1 are arcs of Pn
f such 

that ei = uiui+1 for i = 1,2, … . , n − 1. Then e1, e2, … . , en−1 are the nodes of L(Pn
f) which is a 

path fuzzy graph with ‘n-1’ nodes. 

If n = 5, the set of nodes {e2, e3} forms a minimum steiner dominating set which are diametral 

nodes. So γfs (J(P5
f)) ≤ 2. 

If n > 5, the set of nodes {e1, e2, e3} is a minimum steiner dominating set because if we choose 

any two non-adjacent nodes it does not form a steiner set.  

Hence the theorem.  
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2.6 Theorem 

γfs (J(Cn
f )) ≤ 4 where Cn

f  is a cycle fuzzy graph with ‘n’ nodes. 

Proof : 

 Let e1, e2, … . , en be the arcs of Cn
f  which are the nodes of L(Cn

f ) and J(Cn
f ) which is the 

complement of L(Cn
f ). If n = 3, J(Cn

f ) is a disconnected fuzzy graph with three K1
f -components. 

Hence γfs (J(C3
f )) ≤ 3. 

For n = 4, J(Cn
f ) is a disconnected fuzzy graph with two K2

f -components. Therefore γfs (J(C4
f )) ≤

4. If assume that n > 4, as in the proof of previous theorem {e1, e2, e3} is a minimum steiner 

dominating set. Hence the result. 

 

2.7 Theorem 

γfs (J(Wn
f )) ≤ n − 1 for n > 4 where Wn

f  is a wheel fuzzy graph with ‘n’ nodes. 

Proof : 

 The jump graph of a wheel fuzzy graph Wn
f  which is the complement of line graph of Wn

f  

has 2(n − 1) arcs. Let e1, e2, … . . , e2(n−1) be the nodes of J(Wn
f ). 

If n = 4, then J(Wn
f ) is a disconnected fuzzy graph with three K2

f -components. Hence 

γfs (J(W4
f)) = p where p is the order of J(W4

f). Now assume that n > 4. In the wheel fuzzy  graph, 

Wn
f  let U = {e1, e2, … , en−1} be the set of arcs connecting the apex nodes to the centre nodes and 

V = {en, en+1, … , e2(n−1)} be the set of nodes on the apex and labelled such that en is adjacent to 

e1& e2, en+1 is adjacent to e2& e3 and so on. Since the induced subgraph of U is complete in 

(Wn
f ) , these nodes are mutually independent in J(Wn

f ) and also it can be easily verified that U is 

a minimal steiner dominating set. If any two successive nodes are replaced by a common neighbour 

in V, then the resulting set of nodes cannot be a steiner set because the removed nodes does not lie 

in any steiner tree of the resulting set of nodes. Thus it is not possible to choose a steiner 

dominating set with less number of nodes than that of U. Therefor U is a minimum steiner 

dominating set with ‘n-1’ nodes. Hence γfs (J(Wn
f )) ≤ n − 1. 

 

CONCLUSION 

This article investigates steiner domination numbers of line fuzzy graphs and jump fuzzy graphs 

of some standard graphs such as complete bipartite graphs, wheel graphs, cycle graphs and path 

graphs which have extensive applications in the field of science and technology. 
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